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The Oscillations of a Flexible Castor,
and the Effect of Front Fork Flexibility
on the Stability of Motorcycles
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ZZRED ROLLING WHEEL whose contact patch
e ground lies behird the intersection of
ring axis with the ground can be termed
» and the steering oscillations of such
s are well known but little understood in
arrlications. These oscillations range
"shimmy' of the simple tea-trolley
o the wobble of aircraft landing wheels
¢ weaving of towed vehicles and trailers.
r2radoxical that the trailing contact
n, walch gives low speed directional stab-

i vy tnould also give rise to a sinuous steered
o in otner speed ranges. The application of

3 i21 inzerest to the authors is the problem

L

cycle can te considered as two casi-
at the steering head (fig.1). The
y front castor gives rise to steering
m2times called 'flutter') of 6 - 8 Hz
«n/n, and the long trail, rear castor
te weave of the whole machine at 2 - 3
0 km/h.  Tris latter statement is a
ation in that it ignores coupling bet-
astors, but it is nevertheless an
notion in understanding the overall
llazory venaviour of the vehicle. Both of
2 tor instabilities, wobble and weave,
. b2 dangerous, even fatal, and have been the
errn manufacturers for many years.

DO e

Pl U ) b

B0 W C

e

r oscillations are of prime importance
[tuations, from ths simple tea-trolley
vehicles, the landing wheels of air-
and the motorcycle instability problem
i wobbles'., This paper sets out a
castor instability based on the
bility in the wheel support. In
motorcycle this is the flexibility
fork/wheel system.
11 amplitude oscillations the equ-
tion are shown to be coupled ordin-
Ty 3 tial equations which contain terms
rarresenting a relay switching function. These
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Fig. 1 - Motorcycle shown as two coupled
castors

an isolated fixed-axis castoring wheel, and the
motorcycle front wheel, with its subsequent
wobble, will be used for later illustration.
Changes in wobble characteristics have been ob-
served with variation of wheel layout geometry,
inertia distribution, wheel loading, road sur-
face condition, and most important of all with
lateral stiffness of the wheel mounting (1)%.
Most early studies of the problem predicted
instability via tyre wall flexure, especially
with aircraft landing geer (2) and motorcar
front wheels (3). Roe (4) showed this to be

*Numbers in parentheses tesignate references at
the end of the paper.

equations are solved numerically for many para-
meter variations. Close agreement is obtained
with observed amplitudes and frequencies, and
with the oscillation characteristics. For cer-
tain sets of parameters the numerical solutions
are also found to agres well with the predicted
solutions obtained using an analytic technique.

From the results it is very clear that the
most important parameter affecting stability is
lateral stiffness, and a new motorcycle front
fork of high lateral stiffness is described.
This fork has already achieved success on the
road, test track and race track. -

Copyright © Society of Automotive Engineers, Inc.
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Fig. 2 - Basic geometry; A) wheel in vertical
plane, 8=0, B) view along wheel plane showing
inclined wheel at non-zero 6
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analysis of motorcycle control(7).
N described here will assume a

d ect 'hard' contact with the

i force proportional to normal
onstrate tnat tyre performance is
£
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actor which can cause the instab-

ism to arise. Indeed with the tea-
le there is no pneumatic tyre to
scillatieon anyway, and this hard

1 is directly applicable. In the
d venhicles, the tyre does have one
effect - it provides hysteresis dam-
following the idealised model below,
tnerefore reascnably assume that small
ie oscillation would be damped out in the
1l situation. Lateral flexibility of wheel
(i.e. wheel rim support) will be provided
by 2llowing a rigid wheel to slide laterally on
te a displacement 8§ against springs of

s ¥ . In the real situation this stiff-
214 arise from suspension components and

1 structure itself. For the motorcycle,
flexibility at the front wheel arises
21ly via differential action in the
elesc:oric' front fork legs.

A
=)

2. ZASIC CASTOR GEOMETRY.

verall 'nandling' of the vehicle is
osing empirically rake angle & (fig.2)
s to give trail t. The effective
for lateral forces at the contact
the perpendicular trail t'. Rotation

O

0 il o OO

about the stegring axis is 9, assumed small. A
wobble of + 5 is very severe, even catastrophic,

When the wheel is turned through & about an
inclined axis, at « , its plane moves out of the
vertical. Its angle to the horizontal is 8,
where

cosf& =

Since castor instabilities are essentially lat-
eral, the vehicle itself is not permitted to
camber out of the vertical in this analysis.

The height of the steering head above the ground
is

sinXsin @ (1)

H = ABcosX - s 3inXcos® + r

+ r sinA
t W(r21§
where T, is the wheel redius, and r, is the
radius of curvature of the tyre pro?ile.
As the wheel is turned out of the straight-
ahead position (& = 0) the steering head thus

falls by an amount
AH rw(1 - sinp) - ssinx(1 - cos¥§)
= 3 6°sin& (rwsinot - s) (3)

for small ©. Now trail is conventionally def-
ined in the 6 = 0 view, viz

t =
o

I

(rwsina- s)/cosa + r, tana (4)

So if rwsind > s, i.e. to> rttana and the

steering axis intersects the 'rolling radius' CP
above the centre of curvature D, the steering
head will fall on turnirg the steering from the
straight-ahead position. There has been some
dispute over this conclusion, and it is import-
ant, for since the centre.of gravity of the whole
vehicle will take up the position of lowest pot-
ential energy, the weight of the vehicle will
cause the front wheel tc turn away from the =0
position, for the above condition is usually
satisfied in motorcycle practice. This therefore
provides a 'decentralising' couple, and not the
centralising couple often claimed to give

'weight assisted stability'. This decentral-
ising couple does not ir. fact make a major con-
tribution to castor stability, as will be seen
later, but it is importent to the 'handling' of
the machine when the treil is large and/or the
front wheel loading is righ,

As the wheel is turned from 6 = 0, the
effective trail changes. Fig.3 shows the view
at right angles to the wheel in this case. The
effective rake angle is now ¥ , the projection
of ® about the steering axis through &, viz

tan¥ = tanacos® (5)

In the © = O position, the perpendicular trail
is, from (4)

t ' =
o

In the turned positicn, the perpendicular trail
becomes compounded from

(x, + rt)sin«. - s (6)

{ (rw + rtsinp)sinf - s in wheel

tt = plane

T, cosp a®t right angles to wheel
~ plane  (7)

The wheel plane compcnent can be written as



1
(rw+rtsinp)sina(1 + cos%&tan2®)—2 - s, and

this passes through zero at a steering angle

6 < 900. Cornering, under a lateral force at
the contact patch, becomes 'statically' unstable
when this component of t' becomes negative, for
the cornering force turns the wheel further into
the curve. Fortunately, for conventional geo-
metry this does not nappen within the available
range of &,

3. YOTION OF THE CONTACT PATCH, WITH VERTICAL
STEERING AXIS.

Tre simplest possible model of friction
will be used, with the slip frictional force
orticnal to the normal load reaction R. The
znt of proportionality is the dynamic
ient of friction 4 . In direction the
force opposes the velocity of slip.
the resulting frictional forces at
patch in the plane of the road, with
ccked and (b) wheel free to rotate.
forward velocity of the vehicle. In (a)
1tant slip velocity is V =
=)" + 2vt8sir6 ]2, and in (b) the res-

(
AP .6 6.3
+ (3)° + 4vt95in§cos§]§ .
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ulting equation of motion for the
case is cobtained by taking moments
eering axis, viz
2z

)
oF fuom

L t R vt sin O uR
e s i (8)
V
15 the moment of inertia of wheel +
ng IorkK about the steering axis. For

- + Rvts = 0
- - L2y273 2 212 -
R e N N S L
T2, igterrret this, take the usual case of v2>>
(==)", f2r then

(uRt)S = 0O (10)

isingly, is the standard form for
5 damped single degree of freedom vibr-
Tyrical magnitudes show damping to be

[

w21l Telcw critical, so any small oscillaticn of
steer: angle ¢ is inherently stable under the
2zsunptisns noted,

Permitting the wheel to rotate gives the
juzticn of motion

11}

I: - EE%#E _ 2vtsin§cos§/uR . (11)
Vl
For szall &, V' = [voe® + (t8)2 + 2vté9]% =
S+ s S¢ ]
:: . 9 Jult (v6 )uRt 0

[ve + t8] T [v8 + t6] T
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Fig. 3 - View at right-angles to wheel with
steering in turned position (8 # 0)
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A WHEEL LOCKED. B WHEEL FREE TO ROTATE.

Fig. 4 - Motion of contact patch, and com—-
ponents of contact patch force: A) wheel locked,
B) wheel free to rotate

ices
I6 + mRte = 0 (12)
to
where € = o+ ;@ y & urit quantity with the
l@ + E@, .
by ¥
sign of & + 26 . (13)

The contact patch frictional force thus acts
approximately at right angles to the wheel plane,
giving a couple uRt with sign changes controlled
by € .

Equation (12) has be2n solved by both anal-
ogue and digital methods, and found to give
damped oscillation after any initial perturbation.
€ has the effect of giving hysteresis damping.
The system is therefore again inherently stable,
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STEERING AXIS

SUPPORTING FORK

~_WHEEL

Fig. 5 - Flexible castor, vertical steering axis

> OSCILLATIONS WHEN THE WHEEL IS
TC MOVE LATERALLY IN ITS SUPP-
K, WITH VERTICAL STEERING AXIS.

1 high speed film of castor
wheel to make a cyclic
'free play'
ticon in this sideplay
The above theor-
modified to incorpor-
The model used by
5 a parameter called 'wheel
© =nis does rnot permit any
i wheel and supporting fork.
novement of the wheel within
nazlysed here because of comp-
impact of wheel and fork at the
lay twice per cycle, rather
rained by axle springs of
latter case 1s also more app-
0
2

nicle case, where it is flex-
neel support which creates the
ty problen, although some un-
»rolocelorl2y may also exist due, for example,
1 L ise o oworn wheel bearings, or sliding

: {n the case of a telescopic motorcycle

w
i

::lyzisz 1s similar to that above, but
ool ~zish between the steering
Lo =, ini tne angular position of the contact
Iy ~ 6
- =2 -2 (14)
AL € 1=2Imes e
R e .
-+ f@c 9 + %@ - %
é' = :0’ = te S (15)
o+ lo+X-2]
Vo v v

In fig.5, G is the reaction couple of the wheel
on its axle. The wheel has mass M and moment
of inertia I about an axis through its centre
parallel to 1Be steering axis. The supporting
fork has a moment of inertia IS about the steer-
ing axis.

The equations of motion are

" ”
MW(EQ -8) = k& - ARe!
I 8 = G
wQ
I8 = G - tké
which may be written as
"
(I_+TI )8 = - tkd
S WO
23 5 5 ' 3
Mt - Mtd = tkd - uRte (16)

These equations do indeed allow unstable
oscillation in 6, i.,2. castor oscillation, and
the solution will be described later as the
special case of zero rake angle X, An energy
argument showing how such a flexible castor
might be unstable has been presented by Roe (4).

5. THE CASE OF AN INCLINED STEERING AXIS -
THE FINAL EQUATIONS.

With reference to fig.6, assume 6<< 1 and
8/t'<< 1, i.e. look for small amplitude oscill-
ations as before., The contact patch force at
right angles to the wheel plane (wheel now
cambered as well as steered) is

'RsinB - Rcosp = R(UE' - 8sinck)
Me F to first order in 6 (17
The contact patch force in the plane of the
wheel gives a restoring couple

Que'Rcosp + Rsinp)sin’.s = Rsin&.d

(18)

to first order ind & 9.

Fig. 6 - Flexible castor; view down steering
axis of inclined axis case



Changes in t' are of second order in 6 and will
be neglected. Ine', t is replaced by t'.
The new equations of motion are therefore

M (s8 + 8) = kb + R(ME' - 8sina)
I8 = ¢ - R(ue' -@sina)(t':spslwggsm
wo
155 = -G + skd + M_gh8sin&k - Rsinx,3 (19)
wnich may be written as
"
(IS + IWO)Q = skd - R(ue' - 6sina)(t' + s)

+ MsghQsinu - Rsina.d

" n
M“SZG + M sd = - skd + sR(Ue' - Gsinx)

45

Equations (20) are the tasic equations to
be solved, over & range of psrameters.

6. THE RAINGE OF PARAMETERS USED.
The details are given in fig.7, but some
comment on reascns for the given choice is
worthwhile. The basic values in fig,7 corresp-
ond to typical motorcycle practice, for the
front wheel.

Rake X is varied, et constant trail, for
this is often changed by manufacturers seekigg
better stability. The usual value is & £=25 ,

+ ngsesinuy (20) but cu;rent.trend is towards 30 . In this ]
analysis & is taken from O (vertical steering
and t' = t = -5 in (20) recovers axis) to 257
axis equations as in (16).
Caze. I ] To Mo M ok s v R g h
z2° kegan kg kg  N/m deg m n/s i m/52 m
1. 0.12 D0.540 10 10 105 0 -0.,07678 20 1 1250 9.8 ©
2. J.125  0.540 10 10 105 10 -0.,02468 20 1 1250 9.8 0
3. J.125 0,540 10 10 1O5 14.83 0 20 1 1250 9.8 0O
4. J.125 0 0,540 10 10 105 20 0.02583 20 1 1250 9.8 0
Se C.125 J.540 10 10 105 25 0,05000 20 1 1250 9.8 0
S Z.175 3,540 10 10 105 25 0.,05000 20 1 12506 9.8  0.05000
7. 0.125 0,540 10 10 105 25  0,05000 20 1 1250 0 0
. Z.12 0.540 10 10 105 25 0.05000 20 0.5 1250 9.8 0
e 2,125 0.540 10 10 1O5 25 0,05000 20 1 2500 9.8 0
RGN TL1E3 0 00540 10 10 105 25 0.05000 20 1 625 9.8 ©
11, 20129 0,540 10 10 1O5 25  0.,05000 10 1 1250 9.8 0O
i2. 221250 C.540 0 10 10 105 25  0,05000 30 1 1250 9.8 0
i3, c.HE5 0,540 10 10 105 25 0.05000 40 1 1250 9.8 0
1l 0.125  €.540 10 10 105 0 =0.15000 20 1 1250 9.8 0
i3 2.125  C.540 10 10 105 25 =0.07678 20 1 1250 9.8 ©
. S.125  C.540 10 10 1O4 -0.07678 20 1 1250 9.8 0
T 2.125  0.5490 10 10 106 0 -0,07678 20 1 1250 9.8 0
1. S.125 0 0,540 10 10 104 25 0.05000 20 1 1250 9.8 0
T C.125 0 0.540 0 10 10 106 25  0,05000 20 1 1250 9.8 0
2. 3,125 1.230 10 20 105 25 0,05000 20 1 1250 9.8 0
H 2.252 0 0,340 20 10 105 25 0.05000 20 1 1250 9.8 0
T 23 11, but witr small initial displacement.
. 35, " " " " "
|23 12, o " " " "
O R S 7L " "
L

. 7 - Table of parameters used

for solution
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There is some curreant discussion about the
effect of mass distribution in the front fork,
and nere h is changed to move the fork centre
of gravity. The inclusion or omission of the
gravitational acceleration g allows study of
the 'pendulum effect' of the front wheel + fork,
about the s*eering axis (in fact an inverted
pendulum giving a descentralising ccuple), This
is not to be confused with the decentralising
couple from 'rise and fall' of the steering
head (section 2) which enters the equations via
R and non-zero &,

The coefficient of friction is for siip,
and two values are used 1 and 0.5, for dry and
wetl surfaces respectively. The normal wheel
load reaction R is varied to simulate the effect
of weizht transfer under acceleration and brak-
irg, low & and high R respectively.

Several values of forward velocity v are
studied, as experimentally observed wheel wobble
ccours inoa fairly well defined speed range of
37 = 3w/ (30 - 50 mph).
ner design parameter often changed by
rers 1s trail, with longer trails
ving higher stability, if also more
ering (section 2).
impor=ant variable is k, the
of" wneel support, here sim-

rings. Current front forks

rly stiff laterally, typically

ed here Mcre recent experi-
& Tnorpe, dobcrlbed later,

7 a factor of 4 - 5, with

T w D
oY
Il

ment in stabt llluj.

variations z2re concerned with
wireel and fork. DModel tests
z2se in fork irertia about

y decrease stablility.

:lation cases, with the exc-
e tn

,he sare starting condit-
2=0,8=0.01mn §=0,
nd siZderlzy are given finite
n tre system i1s released

25 repeat =he velocity scan
ut with ap infinitesimal
on of 8 =107rad, 6 =0, 5=

in an attemnpt to 51mulate the
up of wobble observed when a rider
es control from the steering on an
n road surface,
ing fig.7, arnd the resulting cscil-
S’Oul& be noted that case 5 (and
1 perturbztions) corresponds most
1y wiwn existing motorcycle production

o rf [ ISRV Y
o

N
" w i

EGQUATIONS.,

Siminating 5 from the second of (20)

5= 28 + e o+ cel (21)
2.4 8 = 18 + md + ne' (22)
wrere 1= (sk - Rsinﬁ)/(ls + Iwo)’

t= (' + s)R + Msgh]sind/(ls + Iwo),

4
- (&' + s}uR/\IS + Iwo),
- sa - k/WRI (23)
(g - R/Mw)sinz - sb,
=ﬂRﬂ% - sc .

c
1
m
and n

From (14) & (15) it follows that
ad - ed) , (24)
d=1t"/v, e =1/v (25)
Any solution of (21) and (22) must take
proper account of the presence of the relay
switching function, that is the terms involving
€'. In particular, as discussed by Fliigge-Lotz
8), André and Seibert (9) and Anderson & Moore
10) it is insufficiens with relay systems to
segn(0) as zero, and the situation

e = sgn(o +

where

define
6+do-e§ = 0 (26)

requires special interpretation. In order to
analyse this further i is convenient to use
matrix notation with the following definitions

x = (6,6,8,8)7, (27)
g = (1,d,0,-¢)%, (28)
u =~ (0,c,0,n)", (29)
where ( )T denotes trauspcse, and
0 1 0 O
A = b C a O (30)
0 ¢ 0 1
m O 1 C
so that (21) and (22) may be written as
X = AX - u Sgr(q.&) . (31)

.The state space of ihe variables 9, 6,8
and & is divided into two regions by the switch-
ing surface or hyperglane q
In ong region sgn(gvﬁ} =1, in the other
sgn(q x) = -1 and in bcth these regions the
states move according to (31). This type of
motion is usually called the 'bang-bang' mode.
However, as described in detail in ref (10),
motion along the switching surface ('sliding’
motion) is also possible if the condition

T T
| "ax | < o™ (32)
is satisfied (together with ng = 0 ) and the

states then move according to
x= £ - (- -1,
(33)

where f = Ax -1
and f =Ax+1u (34)
For the system (31)

Ty, A48
1% _/A:' [Mw

(e ¢ 5)? (35
T + 1 ] ’ 39)
s WO

which clearly indicates that sliding motion can

occur, and the system of linear ordinary diff-
erential equations describing this motion may
easily be obtained from (33). Thus the complete
solution of the problem consists of sliding and
bang-bang motion, transfers from one type of

= 0 (equation (26)).



motion to the other being determined by (32)

and the value of q X%, at any instant of time.
Analysis of the simple rigid model described

by equation (12) shows that after an initial

period of bang-bang motion sliding occurs in

which 8 and 8 decay exporientially to zero and

no return to the bang-bang mode is possible.

This is clearly in azcord with the general phys-

ical arguments described in section 3.

8. JUMERICAL SOLUTION OF THE EQUATIONS.

Given 8, 0,90, 3 at time T = 0 a numerical
scluticn of the first order system (31) was
obtained using an Adams-Bashforth predictor-
corrzctor type method. The integration interval
was automatically varied in order to ensure that
¢ magnitude’ of the step-wise truncation error
scciated with each calculated state variable
s less than some prescribed tolerance., Tre

me netnod was used to solve the sliding equa~-
ions derived from (33).

ir. order that transfers from the bang-bang
mode to the sliding mode could be accurately
accomplished, the equation

(36)
5 solved during the btarg-bang motion in add-
“ion to (31), assuming ¥, =0atT=0and

=1 When the switching surface was crossed,

. . T
71 = 3 sanlgq x)

:'x) changed from +1 to -1, the integ-
?.?37) and (36) wazs stopped and restarted
rrevicusly cgleculzted point in state
wiich sgn(c’z) = 1 but now witn j = 10.
ne effect cf increasing the calculated
differences of ¥y as tre switching

RE cssed (compared with the case j = 1),
z b ne method used, the estimate of the

Hy

Ve O b O o~

A

ool on difference formulae, for j = 10 the
intes orointerval in T was automatically

in order to reduce the magnitude of this
~ error tc witnin the prescribed voler-
3 procedure was repeated with a sequ-
rcreasing values of j_in order to app-
switching surface 1x =90 as closely
red. Once this was achieved (32) was

d to determine whether the subsequent

o Y

[SURNRS B B VR

ex
jd was governed by the sliding or bang-

T If sliding were indicated, the latest
c d values of the state variatles served
23 inlvizl conditions to begin the integration

o7 (33), otherwise the integration of (31) and
(35) was continued.

technique was used to ensure
g sfer frem sliding to bang-bang mode,
i 23uatlion in this case being chosen as

7= ¢ ossn(a'y - la x| ) . (37)

nese calculetions the upper limit
ude of the truncation error was
upit in the fifth decimal place
| < 1077 regzrded as the switching

ot oor
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RELAY

—O(T)

< H(p)

Fig. 8 - Block diazram of system

9. THEORETICAL ANALYSIS OF LIMIT-CYCLE
OSCILLATIONS.

The characteristics of steady-state limit-
cycle oscillations as a function of system para-
meters can be predicted asing frequency response
techniques (11). The system model equations
(21) - (25) are transformed into the Laplace
complex frequency plane and the system can then
be represerted as shown in the block diagram
fig.8 with a relay non-linearity (12). G(p)
and H(p) are raticnal ﬁransfer functions such

that ,51 +,52p
W) S 2,3 o
: Bi* BP + Ao + e -
and G(p)H(p) X HT T (39)

where the constants “1 ard A, can be expressed
in terms of the system param%ters (23) and (25).

The sinusoidal describing function method
(13), which is often used to predict limit-
cycles, assumes that the oscillation can be
approximated by a sine wave with the non-linearity
replaced by an equivalent linear gain factor.

In our case, however, nigher harmonics cannot
be neglected since the system does not attenuate
the higher frequency signals sufficiently.

An 'exact' method (14) will be used to in-
vestigate the presence of symmetric 'simple!
limit-cycles. The relay is assumed to change
sign once every half cycls during the oscilla-
tion period. Then the noa-linearity output is
a square wave

e (1) = u(r) - 2u(T -~ %0 ) + 2u(T - T_)
) ém 0
- 2u(T - 5T.) + « « .(40)
where U(T - T) is the displaced unit step
function having value 1 for T>Y and 0 for

T<Y . T_is the period of the oscillation,
For T 2 0, the Fourier series of (40) is
[<acd

e'(T) = QZ Sin(kioiz =4 i %.ﬁneikk’orf

Ty odd k T % odd
(41)

with @ = 2n/TO .
The waveform €'(T) produces the input to
the relay non-linearity
o0
- % . -11;.%, [c(ika) H(ike ) oK@ Ty
k odd (42)

using the properties of system frequency transfer
fanctions (12), -

ex(1) =
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n

@ INCREASING A

F(iw)

Fig. 9 - Tsypkin locus; O indicates stable
limit-cycle point

It is required at time T3 = %i%(To/2 -%)
» o de*(T
“rat 6*(; ) =0 and T ( 170 (43)

:1llat¢cn to exi =t

These conditions

of e*(T) at the
and that the slopes are reversed

in locus (i4) is defined to be the
mplex function

ad&” (ikw) H(ixw)]
ZE: _5hru(1xw) H(ixw)]

© odd k
(44)
¢ varied from zero to infinity., From
(42) ard (42) the recessary conditions for
rm2tric oscillation to =xist at the frequency
7= 2nw_ Fz can be showr to be (11)
InF(iw)] = 0
Re 7(iw)] < A (45)
wiere, for the system under consideration,
;\ = A;; Lih[;ﬂ} p L1( )] = 0 (46)
O p—0

ne Tsypkin locus can be plotted on the

czmplex rlare, The expressions (45) indicate
thzat limit-cycles exist for values of w_ giving
peints cn the Tsypkin locus on the negative
rezl axis Furthermore, for the oscillation to
be statle it is recessary that (15)

S 5 (i) >o (47)
[RETAN
<istence of stable limit-cycles can be
redicted as shown in fig.9 o The particular
>ycle which is generated in the steady
2termined by the initial values of the

sten variables at T = O,

4
“ro

v

<

Trne waveforms of all the system variables
can 2 determined for an oscillation of given
freqiency from equations similar to (42). Using
eguat (32) one must investigate whether
sl motion cccurs at the time when the non-
1i input €*(T) changes sign. If the

% osliding
Cus
1 4.4 2.3 z 2.5 21
: g i a7 .3 kS
R B 22
3 z - B 50
o 2,2 Q.] 5

Fig. 10 -~ Compariscn of theoretical and simu-
lated oscillation characteristics for infini-
tesimal initial conditions

sliding conditions are satisfied, sliding motion
commences and our assurption of a 'simple' limit-
cycle with a single sign change in &'(T) once
every half cycle is invalid. A short sliding
time relative to the oscillation period indic-
ates that the limit-cycle predicted by the
Tsypkin locus technique is closely approximated
by the actual system oscillation. The possib-
ility of sliding motior. has not been noted in
the literature with regard to the prediction

of limit-cycles using frequency response tech-
niques.

The peak amplitude and frequencies of the
limit-cycles determined by the above theoretical
technique and the numerical simulations of sec-
tion 8 are compared in fig,10 . When the sliding
motion occupies 2 small fraction of the oscill-
ation period, the predicted and the simulated
limit-cycles are very clecse. For longer sliding
times the results differ, but are still of the
same order of magnitude.

10. DISCUSSICI OF RESULTS.

The results of section 8 are presented
graphically in fig.11, as oscillations of steer-
ing angle 8. A typical & oscillation is also
shown (case 6).

All cases show castor oscillation, in the
frequency range 5 - 7 Hz depending on the choice
of parameters. This corresponds very closely
with the real case of 6 - 8 Hz. Also in the
real case tyre hysteresis damping is present,
so one can reasonably assume that a small amp-
litude oscillation from this analysis might well
be damped out in the real situation. Only the
simplest model of wheel/road friction was used,
and deliberately so, to demonstrate that the
properties of a pnewnatic tyre are not essential
to castor oscillation.

Motion started wita a large perturbation
is characterised by large unsteady transients,
followed by smaller, coastant amplitude steady
state oscillation. Motion started with a small
perturbation shows only the dlimit-cycle steady
state shimmy. Although this is of apparently
small amplltude, it nust be remembered that a
wobble of + 5 1s highly dangerous. For stab-
ility in the real sizuation, one shouléd look for
a rapid decay of transients and a very small
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steady state amplitude in these results.
Parameter variation gives the following

conclusions,

(1) &, with t' constant [cases - 57, The quick-

est tra leenL decay is ford= 15 or 20 but

tha lo ‘est steady state amplitude (+3 6° ) is at

:75

(ii)n | Lcase 6, with 5]. Increasing h (distance

of fork centrs of gravity ahead of steering axis)

caus3s t“anolpnts to decay more quickly.

(iii) glcase 7, with 5]. Removal of 'pendulum

effect! (putulng g=0) delays transient decay.

(iv) alcase 8, with 5]. Reducing m (slippery
surface) reduces amplitudes via lower driving
force, but in real system available damping is
much lower,

T“ﬂoes 9,10 with 5]. Very large oscill-
vlitude when whee] load R is increased,
1iy state established more quickly. 1In
2 tze loading up of an unstable wheel,

: ht transzfer, can produce alarming

s 11,5,12 & 13 for increasing v].
slight stabilisation with increasing
i, Case examined (®=25") shows distinct
stability zetween v = 20 ani v = 30 m/s
). On the road, with damping, there
ion tack to stability between 45 &
is interesting that some transition
nere even without gyroscopic coupl-
s axis rigidly constrained).

es 14 with 1, 15 with 5]. Increase
g arrlitude of oscillation, for

) e b

------

v
'
f
'
r
.
£
IS
¢
u.

&17, and 18,5 & 19].
the most dramatic influ-
high k is mcst important,

LR

3%

T~y ,
REPS .
[N

th 5]. Increase of wheel
ay of transients.

) b]. Incr=ase of fork in-
ay cf transients, i.e.

0
}..‘

—
PR

14

e perturbation [cases 22 -

vv]. Apart from the loss of

ame behaviour with forward
large initial perturbation.

croi)

eenent with the real system is remarkably
21l parameter variation., The only

are :
ze in M gives here a rather inconcl-
, but in the real situation stability
slightly via easier initiaticn of
> and less dampirg.

ugn the transition towards stability
ing v is predicted, the transition
ity et v=0 to instability at small v,
rizentally, is not indicated.
{ tnese discrepancies can be explained
clling wne2l has an initial reluctance
i away and slide laterally, to change
llrz to slipping. This would be expected
ly, with the static value of the coeff-
friction being higher than the dynamic
~) value. Decreasing M encourages slip
th2 iritiation of oscillation. Also

the more raridly the wheel rotates (high v),
the more longitudinal slip takes place, again
encouraging lateral slip. The model analysed
here assumes free slip, with a dynamic coeff-
icient of friction.

This idea is supported by the reluctance of
a highly loaded wheel (nigh R) to commence shimmy
oscillation, although oace disturbed a high-R
wheel has a morz violent oscillation (correctly
opredicted). Also, once a wheel is wobbliang, the
forward speed can often be dropped to virtually
zero before oscillation stops.

The orizinal proposition of lateral flexib-
ility as the basic causs of instability is fully
supported by these results, and inijeed letting
k—=eoe in the equations of moticn recovers the
stable cass dizcussed ia section 2. Important
secondary influences on the oscillation are
trail, rake zngle, steering inertia ard wheel
load.

11. APPLICATION TO THE DEVELOPMEXT OF NEW
MOTORCYCLE FRONT FORKS,

With this very decisive theoretical support,
together with the results of the model tests
mentioned earlier, the Huilding of experimental
motorcycle forks with high lateral stiffness
became a high priority.

It is very difficult to achieve high lateral
stiffness with the 'telescopic' type of fork in
current vogue, as the running clearances in the
sliding legs allow differential action between
the two legs, even when they are rigidly conn-
ected (e.g. by a large diameter wheel spindle).
Several alternative front wheel suspension syst-
ems were evaluated, and the most promising was
the 'leading link' fork (fig.12) in which a
large diameter (tubular) wheel spindle pivots
on short stiff links about preloaded bearings.
These bearings also take the braking loads and
prevent 'spragging' of ~he suspension. The fork
illustrated has a wheel travel of 150 mm, uses
standard motorcycle steering geometry, and has
approximately the same nass and steering inertia
as the telescopic fork =t replaces. Its lateral
stiffness is however fiwve times higher ! It is
the latest of a developnent series, and has been
given extensive testing on the road, test-track
and race track.

Machines tested with this fork have no
steering wobble ('flutter'), even when the mach-
ine is heavily laden wi-h touring luggage. More-
over, there is no high speed weave either. 1In
addition to stability improvement, there have
also been substantial gains in suspension comfort,
basic steering quality, and in the acceptance
of higher braking forces with full rider control.
In racing, this has led to significant reduc-
tion in lap times, with the race machine often
lapping quicker than other machines of much
greater horsepower. There seems little doubt
that forks of this type, with this order of
lateral stiffness, will feature in future motor-
cycle designs, if only :Jor the 1mprovement in
basic safety.



Fig. 12 - Motorcycle front fork with high
lateral stiffness, and high stability

12, CIUCLUSIONS.

w.anismoof castor oscillation is prop-
> lateral flexibility in the wheel
t any dynamical contribution from
e being necessary, Azreement
ystem of motorcycle front wheel
22ly close, in amplitude, frequ-
ter of oscillation.
is analysed over a wide range of
ation, usirg (i) an entirely num-
a2 allowing for both the sliding
modes associated with relay syst-
the Tsypxin locus analytic tech-
sliding.
theoretical demonstration that
tiffness of wheel support is
oility, a new stiff motorcycle
n developed giving total stability
nandling. It has been extensively
th rozd and racing use,
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Moment of inertia of wheel about a diameter.
Stiffness of lateral wheel support in fork,
Mass of supporting fork.,

Mass of wheel.

Radius of curvature of tyre profile.

Wheel radius, to centre of curvature of

tyre profile.

Normal load reaction at wheel contact patch,
Wheel offset, forward of steering axis.
Trail

Trail in 6=0 view.

Perpendicular trail,

Time

Forward velocity of vehicle.

Rake angle, to vertical.

Wheel camber angle, to horizontal.

Lateral wheel deflection,

Unit function determining sign-change point
of contact patch frictional force.

Steering angle, away from straight-ahead
position,

Coefficient of fric-ion.

Projection of & through 6.
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